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Abstract 



If P is a hereditary property then we show that, for the existence of a perfect /-factor, 
P is a sufficient condition for countable graphs and yields a sufficient condition for graphs 
of size Hi. Further we give two examples of a hereditary property which is even necessary 
for the existence of a perfect /-factor. We also discuss the H 2 -case. 

We consider graphs G = (V,E), where V = V{G) is a nonempty set of vertices and E = 
E(G) C { e C V: |e| = 2} is the set of edges of G. If x is a vertex of G and F C E, then we 
denote by cIf(x) the cardinal \{e € F : x G e}\. cIf{x) is called the degree of x with respect 
to F and <1e(x) the degree of x. ON denotes the class of ordinals, CN the class of cardinals. 
Greek letters a, ft, 7, . . . always denote ordinals, whereas the middle letters n, X,fj,,u,... are 
reserved for infinite cardinals. 

Let G = (V, E) be a graph, / : V — > CN be a function and F C E. F is said to be an /-factor 
of G if <1f{x) < f(x) for all x G V. We call an /-factor F of G perfect if dp(x) = f(x) for 
all x eV. For k G CN we denote / _1 ( K ) := {x G F : /(x) = «}. 

Let C be the class of all ordered pairs (G,f), such that G = (V,E) is a graph, /: V — > CiV 
is a function, and /(cc) < cIe(x) for all x G V. 

This paper discusses the problem to find a necessary and sufficient condition for the existence 
of a perfect /-factor of a graph. In [5], Tutte published a criterion for finite graphs, and in [4] 
Niedermeyer solved the problem for countable graphs and functions / : V — * u. We present 
a solution for graphs of size Ho and functions / : V — ► u U {Ho}> a solution for graphs of size 
Hi, and discuss the H2-case. 

If H C E, then denote by G - H the graph (V, E\H), and if e G E, then let G - e be the 
graph G — {e}. If x, y G V, denote by / X)S/ : V — ► CiV the function defined by 



Now let P be a formula with two free variables. P(G, /) means that (G, /) G C and (G, /) 
has the property P. P is said to be hereditary if for every (G, /) with P(G, /), for every 
vertex x € V(G) with /(x) > there exists a vertex y € V(G) with f(y) > 0, {x,y} G E(G), 
and P(G - {x.y},/^). 
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f(v) - 1 if v G {x, y} and 1 < f(v) < H 



v) else 



Remark Let P be a hereditary property, let (G, /) G C such that P(G,f), and let C 
V(G) be finite. Then there exists a finite /-factor F of G such that P(G — F, f — dp), 
cIf(x) = f(x) for every x £ W with /(x) < *Rq, and cIf(x) > for every x £ W with 
/(*) > No- 
Example 1 Let Pi (G, /) be the property "G possesses a perfect /-factor" . Obviously P\ 
is a hereditary property. 

Definition Let (G, /) G C. By recursion on a G CW we define the property that (G, /) is 
an a-obstruction. Let G = (V, E). 

If there is an x G V with /(x) > such that f(y) = for all y G V with {x,y} G P, then 
(G, /) is a O-obstruction. 

If there is a vertex x G V such that /(x) > and 

(i) for every y £ V with {x,y} G E and /(y) > there is an ordinal (3 y such that 
(G — {x, y}, f X: y) is a /^-obstruction and 

(ii) a = sup{(3 y + 1 : {x, y} G P, /(y) > 0}, 
then (G, /) is an a-obstruction. 

Example 2 Let P2(G, /) be the property "(G, /) is not an a-obstruction for every a G CW" . 
Then we can prove the following 

Lemma 1 

(i) Pj is a hereditary property. 

(ii) If P is a hereditary property, then P2(G, /) is necessary for P(G, /). Therefore P2 is a 
necessary condition for the existence of a perfect /-factor. 

Proof 

(i) Assume P2(G, /), that means that for all a G CW, (G, /) is not an a-obstruction. 
Let G = (V, P) and x G V with /(x) > 0. To get a contradiction let us assume 
that, for each y G V with {x,y} G P and /(y) > 0, there is an ordinal (3 y such that 
(G — {x,y}, f x , y ) is a /^-obstruction. If a = sup{(3 y + 1: {x,y} G P, /(y) > 0}, then 
(G, /) is an a-obstruction which contradicts our assumption. 

(ii) By induction on a G ON we prove for any (G, /) G C with P(G, /) that (G, /) is not 
an a-obstruction. 

Since P is heriditary, (G, /) is obviously not a O-obstruction. 

Now let a > 0. Assume that (G, /) is an a-obstruction. Let G = (V, P). By definition, 
there is a vertex x G V with /(x) > such that for each y G V with /(y) > and 
{x,y} G P there is an ordinal (3 y < a such that (G — {x, y},f x ,y) is a /3^-obstruction. 
On the other hand, since P(G, /), P is hereditary, and /(x) > 0, there is an edge 
{x,y} G E such that P(G — {x,y}, f x ,y)- By inductive hypothesis (G — {x,y},f x , y ) is 
noi a /^-obstruction. This contradiction proves (ii). 
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For a hereditary property P, it must not be true that P2(G, /) is sufficient for P(G, /). This 
is demonstrated by the following example. 

Example 3 Let Ps(G,f) be the property "G possesses a perfect /-factor without cycles". 

P3 also shows that not every hereditary property is a necessary condition for the existence of 
a perfect /-factor. 

Definition Let (G, /) G C. For < k < to we call a sequence T = (wj)o<j<fe of vertices of 
G a trail if {vi-i,Vi} G -E(G) for < i < A; and 7^ for z 7^ j. For any 

/-factor i 7 , a trail T = (wj)o<i<fc is called F-augmenting if 

(i) k > 1 

(ii) {wj-i, «i} G F iff i > is even 

(hi) d F (v ) < f(v ) 

(iv) k = uj 
or 

k < u is even, u ^ t; fe _i and d F {v k ^ x ) < f(v k -i) 
or 

A; < w is even, dq = and dp(vk-i) + 1 < 

Example 4 Let P±{G,f) be the property "for every /-factor F of G and every vertex 
x G V(Cr) with dp{x) < f(x) there exists an F-augmenting trail starting at x". Further let 
Pi(G, /) be the property "P 4 (G, /) and ran(f) C w". 

Lemma 2 If (G, /) G C and G possesses a perfect /-factor, then i-^G, /). 

Proof For the convenience of the reader, we present the easy proof. Let G = (V,E), let 
F be an /-factor of G and H be a perfect /-factor of G. For all x G V with dp{x) < f(x), 
we construct by induction an i 7 - augmenting trail starting at x. Let vq = x. Since dp(vo) < 
f(vo) = dn(vo) there is an edge {vo,y} G H\F. Let v\ = y. Let the trail T = (^j)o<j<j be 
defined such that 

(1) {vj-i,vj} G F \ H iff j > is even. 

(2) ty} G H \ F iff j is odd. 

If z is odd, 7^ t>o, and dp{vi) < f{v-i), let A; = i + 1. 

If i is odd, = vq, and dp{vi) + 1 < f(vi), let again A; = i + 1. 

If z is odd and V{ ^ vq, dp{vi) = f{vi) or vi = i>o, dp(vi) + 1 > f(vi), then there is an edge 
{vi,y} G F \ H which is not an edge of T. Let Vi + \ = y. 

Finally, if i is even, there is an edge {vi, y} G H \F which is not an edge of the trail T. Let 
Vi+i = y- 

Much more difficult is the proof of Lemma 3 which is Corollary 4 of [I] . 



3 



Lemma 3 P4 is a hereditary property. 

It is not true that every hereditary property P is a sufficient condition for the existence of a 
perfect /-factor of a given graph. This demonstrates the property P4, applied to the complete 
bipartite graph -Kk ,Ki and the function / = 1. But we have the following 

Theorem 1 Let (G, f) G C and |V((7)| = Ko- If -P is a hereditary property and P(G,f) 
then G possesses a perfect /-factor. 

Proof Let vq,vi,V2, ... be an enumeration of the vertices of G such that, for every x G V 
with f(x) = Ho, the set {i < u>: x = Vi} is infinite. Since P(G,f) and P is hereditary, one 
can define recursively finite /-factors Po Q Pi Q P2 Q • • • such that (G — F^, f — d,F k ) fulfills 
property P and the following is true: If /(t>o) = ^o, then Fq={{x,vq}}, if /(vfc) = Ho> k > 0, 
then P fc \ P fc _i = {{x,f fe }} for some x G V, and if /(f fe ) < N , then d Fk (v k ) = f(v k ). By 
construction, P := |J{Pfc: < lu} is a perfect /-factor. 

Corollary 1 Let (G, /) G C and = K - 

(1) G has a perfect /-factor iff P^(G,f). 

(2) If ran(f) C a;, then G has a perfect /-factor iff Pn{G, /). 

Tutte's condition [JJ]) for the existence of a perfect 1-factor for finite graphs is necessary 
but not sufficient for countable graphs. Thus Theorem 1 shows that not every necessary 
condition for the existence of a perfect /-factor is a hereditary property. The property "G 
has a perfect /-factor with cycles" tells us that a sufficient condition for the existence of a 
perfect /-factor for G is not necessarily hereditary. 

Definition Let (G, /) G C, G = (V,E), and \V\ = n + for some infinite cardinal k. Let 
(A a ) a <K+ De an increasing continuous sequence of subsets of V such that \A a \ < k + for all 
a < k + and V = \J{A a : a < k + }. For a < k + we define 

V a := {V\A a )ur\K + ) 

E a := {{x,y} e E: x eV a , y eV\A a } 

G a := (V a ,E a ) 

fa := f\ V a 

For any property P, (A a ) a<K + is said to be a P-destruction of (G, /) if 

S = {a < k + : (G a , f a ) does not fulfill P} 
is stationary in k + . (G, /) is called P-destructed if there is a P-destruction of (G, /). 

Lemma 4 (Transfer Lemma) Let P(G, /) be a necessary condition for the existence of a 
perfect /-factor of a graph G. If (G, /) G C, |V(G)| = k + for an infinite cardinal k, and if G 
possesses a perfect /-factor, then (G, /) is not P-destructed. 
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Proof Let P be a perfect /-factor of G and assume that there is a P-destruction (A a ) a<K + 
of (G,f). Define V a , E a ,G a , f a , S as above and let a G S. (G a , f a ) does not fulfill P, and 
by the hypothesis of the Lemma, G a has not a perfect /^-factor. In particular F a := F D E a 
is not a perfect /^-factor of G a . Therefore there is a vertex x a G V a such that d,F a {x a ) < 
fa(x a ) = f(x a ). Since F is a perfect /-factor, there exists, for some vertex y a , an edge 
{xa,Ua} G P\ F a . Using the fact \A a \ < k + we know that d,F a (x) = = k + = f(x) for 

any x G / _1 (/t+). So x a G \ / _1 ( K+ ) and y a G A a \ / -1 (k+). • 

If a G S 1 is a limit ordinal, let /3(a) < a be an ordinal with y a G Ag^). By Fodor's Theorem 
(cf. or Theorem 1.8.8), there is an ordinal 7 < k + such that 

I {a G S: a limit ordinal, (3(a) = j}\ = k + . 

Since \A 7 \ < k + , there is a vertex y* G Ay such that 

I {a G S: a limit ordinal, y a = y*}\ = k + . 

If x G ^4q, \ / (k + ) for some ao < k + , then 1 ^ V a for all a > ao and thus 

\{a £ S: x a = x}\ < k + . 

It follows that f(y*) = d F (y*) = k + , so y* G / _1 (k+). On the other hand y* £ A a \ / _1 (k+) 
for every ordinal a with y* = y a . This contradiction proves the lemma. 

Theorem 2 Let (G, /) G C and |V(G)| = Hi. If P is a hereditary property such that 
P(G, f ) and if (G, /) is not P-destructed then G possesses a perfect /-factor. 

Proof Let (A a ) a<u)1 be an increasing continuous sequence of countable subsets of V such 
that V = Ua<wi A a - Define V a , E a ,G a , f a as above. Since (A a ) a<ull is not a P-destruction, 
there is a closed unbounded set KC^ such that (G a , f a ) fulfills P for every a G K. We can 
assume w. 1. o. g. that K = ui, because otherwise we could consider the sequence (A a ) a& K 
instead of (A a ) a<LUl . Since (G, /) fulfills P we can further assume that Aq = 0- 

To obtain a perfect /-factor of G, we now construct an increasing continuous function 
i: oj\ — > u>i and an increasing sequence (F £ ) £<ull of /-factors of G with the following proper- 
ties: 

(i) []F e <ZA t{£) 

(ii) Vx G A l{£) (f{x) < H d F ,(a;) = /(*)) 

(iii) Vx G ^(/(x) =Ni d F£+1 \ F£ (x) = H ) 

Then P := U £ <u;i obviously is a perfect /-factor of G. 

The function i and the sequence (F £ ) £<UJ1 will be defined by transfinite recursion. Let i(0) := 
and Po := 0. Now let e > and let us assume that, for each 5 < e, i(5) and F$ are already 
defined. If e is a limit ordinal, let i(e) := \Jg <£ i(5) and F £ := \J$ <£ Fg. 

Now let e = 5+1. By induction on m we define an increasing sequence (H m ) m<LU of finite fi(g\- 
factors of G^, an increasing function q: uj — > U\, and, for any n > m, vertices x m ^ n G V^) 
such that for every m 
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(a) {x mtn :n>m} = A^ rn+1) \ (A^ rn) \ / _1 (Ni)) 

(b) |J H rn C A g ( m ) 

(c) d Hm+1 (x k , m ) = fi(s){xk,m) for all k < m with /^ (x fe , m ) < 

( d ) d H m+1 \H m {xk,m) > for all A; < m with f^s){x k , m ) > 

(e) P(Gi( S ) ~ H m , fi( S ) ~ dH m )- 

Then let F £ := F$ U U{^m : m < w } an d *( e ) := U{^( m ) : m < w }- By construction, (i), (ii), 
(iii) are fulfilled. 

m = 0: Let ^(0) := i(6), H := 0. 

m = m + 1 : Now suppose that for m < oj the ordinal g(m), the finite /j^-factor H m of 
Gj(5), and, for all A; < m and n > k, the vertices Xfc jn G are already 
defined such that (a) - (e) are fulfilled. 

The set W m := {xk >n ■ k < n < m} is finite. Since P is hereditary, there exists 
a finite /^-factor H m+1 D H m of G^ S ) such that P(G^ S ) - H m+1 J i{S) - 
dH m+1 ) and d Hm+l {x) = /^(x) whenever x G W m and /^(x) < tt , or 
dH m+1 \H m (x) > whenever x G W m and /^(x) > *V 

Let g(m + 1) > ^(m) be the least ordinal such that [j H m+ i C A e ( m+1 ). For 
n > m choose x mj „ with {x mjm , 

Xm,m+1 1 X m ,m+2 1 ■ ■ 

Corollary 2 Let (G, /) G C and |V(G)| = Ni. 

(i) G possesses a perfect /-factor if and only if (G, /) is not i-2-destructed. 

(ii) If ran(f) C then G possesses a perfect /-factor if and only if (G, /) is not P4- 
destructed. 

To handle the cases of higher cardinality, we introduce the notion of a K-perfect /-factor. 

Definition Let (G, /) G C and let k be an infinite cardinal. An /-factor F of G is said to 
be K-perfect if <ip(x) = /(x) for all vertices x with /(x) < k and dp{x) > for all vertices 
x with /(x) > k. 

Theorem 3 Let k be an infinite cardinal, (G, /) G C, and |V(G)| = k + . G possesses a 
perfect /-factor if and only if there is an increasing continuous sequence (A a ) a<K + of subsets 
of V(G) such that 

(i) A = <D, V(G) = {J{A a :a<K+}, 

(ii) \ A a \ = k for all a < k + , 

(iii) for all a < k + there exists an K-perfect g a -factor of 
(B a ,{{x,y} G E: x G B a ,y G A a+ i \A a }), where 
B a = (A a+1 \ (A a \ f-\K+))) and g a := / \ B a . 
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Proof Let {A a ) a<K + be an increasing continuous sequence of subsets of V and, for a < k + , 
let F a be a K-perfect ^-factor with the properties (i), (ii), (hi). Then F ai (lF a2 = if ol\ ^ a.2- 
Let F := |J{i ? Q : a < k + }. We will show that F is a perfect /-factor of G. Let x G V and 
let a be the smallest ordinal such that x £ A a+ \. K /( x ) ^ K then <ip(x) = dF a {x) = /(x). 
If on the other hand /(x) > k, we have d,F {x) > for all (3 > a since Fp is K-perfect. Thus 
g?f(x) = K + . 

To prove the converse, let F be a perfect /-factor of G and Aq := 0. Let (P# : 5 < k + ) be a 
partition of 1/ such that \P$\ = n for all 5 < k + . Now assume that A$ C V is defined for all 
J < a. If a is a limit ordinal, then let A a = \J{A$ : 5 < a}. If a = 5+1, we define by induction 
an increasing sequence (C n ) n<UJ of subsets of V. Let Cq C F such that U P5 C Co and 
|Co\ A<5 1 = k. If C n is defined let C n +i be a "/c- neighborhood" of C n : If x G C n and f(x) < k 
let iV(x) = {y £ V : {y, x} G i 7 }, and if /(x) = k + choose y x G V \ C n with {y^x} G F 
and let N(x) = {y x }. Then let C n+l = C n U U{-W(x) : x 6 C n} and A Q := U{C n : n < u}. 
By construction, (A a ) a<K + is an increasing continuous sequence of subsets of V with the 
properties (i), (ii), (iii). 

Remark If k + = ^2, 9a ■= f \ V a C\ A a+ \ and X a := A a+ \ n Z -1 ^), then there is an 
Ni-perfect ^-factor of (V a D A a+1 , {{x, y} G E : x G V a n A a+1 ,y G \ A*}) if an d only 

if there exists a function /i Q : ^a+i n / _1 (^2) — ► ^ U {Nc^i} suc h that there is a perfect 
(5a \ (5a^a)) U/i a -factor of (y a n A Q+ i,{{x,y} £ E: x £ V a nA a+1 ,y£ A a+1 \A a }). 

Corollary 3 Let (G,f) £ C and |V(G)| = ^2- G possesses a perfect /-factor if and only if 
there is an increasing continuous sequence {A a ) a<UJ2 of subsets of V(G), such that 

(i) A = <b, V(G)=[J a<U2 A a . 

(ii) \A a+ \ \A a \ = Hi for all a < ll>2- 

(iii) For each a < u>2 there is a function h a : A a+ i n / _1 (^2) ->wU {No> ^1} such that the 
graph 

(A a+1 \ (A a \ f-\K 2 )), {{x,y} £ E: x £ A a+1 \ (A a \ r 1 ^)),!/ G A a+1 \ A a }) 
together with 

(/ r A a+1 \ (A a \ r 1 ^) )\r\ (A a+1 n r 1 ^)) ) u k 

is not iVdestructed. 
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